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Naimark’s theorem on the dilation of Toeplitz kernels and its extension for 
generalized Toeplitz kernels provide a unified approach to some questions concern- 
ing couplings of isometries and the characterization of the response function of a 
linear System with a contractive propagator. T  1986 Academic Press, IIIC 
I. THE RESULTS 
In this paper we apply the dilation theorem for Generalized Toeplitz 
Kernels stated below to the description of unitary or contractive couplings 
of isometries and to the study of linear systems. Our approach is based on 
the same geometric construction that gives a proof of the Commutant 
Lifting Theorem of Nagy and Foias [ 151. 
We start with the definition of those kernels. Let Z be the group of 
integers; set Z, = {n~Z:n30}, Z,= {n~Z:ndO}, and Zjk= {m-n: 
m E Z,, n E Z, } for j, k = 1, 2. A Generalized Toeplitz Kernel (GTK) on Z 
is a set K= {(K,), j, k = 1, 2; ;X;, X2} formed by two Hilbert spaces, 4 
and &, and four functions 
Kjk 1 Zj/c + T(q, JG), j, k= 1, 2, 
such that K,,(n) = K$( -n) holds for all n E Z,. When both spaces are the 
same, & = S* = 2, and there exists a function k: Z -+ 9(X’) such that 
kl Z,r = Kik for j, k = 1, 2, we obtain the usual notion of a Toeplitz kernel. 
The GTK K is called positive definite (p. d.) if for every pair of functions 
of finite support 
hj:Z,-+q, j= 1, 2, 
* The author would like to thank the referee for his or her comments on the first version of 
this paper. 
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the following inequality holds: 
This implies in particular that, for j= 1, 2, K, is positive definite in the 
usual sense. So from Naimark’s dilation theorem [ 151 it stems that there 
exist a Hilbert space, F,, a unitary operator U,E 6p(F,), and an 
operator #j E Y(J$, F,) such that 
and 
K,j(n I= 0: UJ’ 413 VnEZ, (2) 
F,= v (U;q5jq). (3) 
ns.? 
Moreover, F,, U,, and $j are unique within unitary equivalences. 
Now, Naimark’s result can be extended in the following way. 
(4) THEOREM. Let K= {(K,,),j, k= 1,2; &;,A$} be a p.d. GTK. For 
j= 1, 2 let the Hilbert space Fj, the unitary operator Uj E di”(F,), and 
4, E Z(q, Fj) be such that (2) and (3) hold. Then there exist a Hilbert 
space F containing F, and F, as closed subspaces and a unitary operator 
U E Y(F) such that 
Kjdn) = dk*U”#,, ‘dnEZjk,j, k= 1,2; (5) 
F=F, v F,; (6) 
u,= Ul,, j= 1, 2. (7) 
The above theorem was proved essentially in [S]; here we state it in the 
slightly modified form we used in [9] to give a proof of the Cornmutant 
Lifting Theorem of Nagy and Foias. 
In this work we apply Theorem (4) to the following situation. Let V, and 
V2 be isometries in the Hilbert spaces E, and E,, respectively; we say that 
a contraction T acting in the Hilbert space F is a coupling of V, and V, if 
FI>E,uE,, v, = TI E, 3 I’, = T*(,,. (8) 
Scattering structures and linear systems give examples of such a 
situation; moreover, in those cases, distinguished closed subspaces =$ of Ej 
such that 
Ej= v (V;+), j= 1,2, 
n=O 
appear naturally. 
(9) 
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The following notation will be consistently used in the sequel: if X’ is a 
closed subspace of the Hilbert space 2, then P$ denotes the orthogonal 
projection of 2 on 2’ and I%, ‘# the inclusion of X’ in X; if A E Y(X), we 
set A(n)=A” if n>O and A(n)=A*-” if n<O. 
Now, to each coupling T and each pair X,, X2 of subspaces satisfying 
(9) we assign the coupling function E= = Ed, ,R’j, ,%*, defined in the unit disc in 
the following way: 
(10) 
&(n) ‘%P$>, T(n) is,. 
Two couplings TEL!?(F) and T’ E L?(F) of the same isometries I/, and 
V2 are said to be equivalent if (u,,u~)~= (ul,u,), holds for every 
(u,, u,)EE, x E,, that is, if F and F define the same metric in E, + E,. 
Thus T and T are equivalent iff tr.(m) = ir(m), Vim < 0. 
With the above terminology our first result can be stated as follows. 
(11) THEOREM A. For j = 1, 2 let Vj be an isometry in a Hilbert space E, 
and Y$‘E E, a closed subspace such that E, = V;CO ( VT 3) holds. Then there 
exists a one to one correspondence between the following sets: 
a = {equivalence classes of couplings T E S!(F) of V, and V,}; 
B = (intertwining contractions between V, and VT} ef {Q E Y(E,, E,): 
llQll6 1, QVI = V:Qh 
y= {the sequences {y(n)},,, E 9(X2, &) such that the GTK given by 
~,%~andthefunctionsK,(n)=P~,V,(n)i~,forn~Z, j-1,2, K,,(n)= 
Kr,(-n)=y(n),for nEZz is p.d.}. 
The correspondence between a and /3 is given by Q = P&lEI, that between j3 
and Y by (h, y(n)h,),, = <QV;“h,, A,),,- (Qh,, V3,),, and that 
between y and a by iT(n) = y(n). 
The situation considered in the preceding theorem appears in some linear 
systems, where E, and E, are related to the controlability and observability 
spaces, while & and ZZ can be identified with the input and output spaces. 
This remark leads to our second result: 
(12) THEOREM B. Let $, yi”z be two Hilbert spaces and T(z) = 
c n20z ’ + ’ T,,, T,, E LZ(&, yi;). Then T( . ) has a realization as a response 
function of a discrete system with a contractive propagator if and only if 
there exist two sequences of operators s!,‘) E Y(q), s!,*) E P’(ZZ), n E Z, 
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such that for any pair of finitely supported sequences hi’ E 3, n 3 0, 
j= 1, 2, it is true that 
2 C K,+.h!,?JC,2’),, 
F&n>0 
< C { (s;),h;), h(‘) ” >.M + (s:L,h:), hL*‘),,J. 
m, n z 0 
In Section II we prove Theorem A. In Section III we do the same with 
Theorem B and we also show that it implies a known sufficient condition 
for T( .) to be the response function of a system. We end the paper with a 
remark relating what has been done before with scattering operators and 
suboperators. 
II. Coum~cs 0~ I~OMETRIES 
We assume the hypothesis of Theorem A and keep the same notations. 
Let us show first that Q = PgziE, defines a bijection between the sets cx 
and p. Clearly, l/Q11 < 1; if u1 E E, and v2 E E, we have that 
<QV,v,> v,>,,= (P&TV,> v,>.,= (TV,, u2)F 
= Co,, V,v,),= (V?Qu,, v,),,; 
hence QVl = V:Q and consequently Q E B. The definition of equivalent 
couplings implies that the correspondence is injective. Conversely, let Q E fi. 
We define the GTK KcQ’ = ( (Kjp)), j, k = 1, 2; E, , E, } by setting 
W(n) = Vi(n), K{$‘( n) = Q I’? (for n b 0), Kf$)(n) = V2( -n). 
Since Q is an intertwining contraction it follows from [9] that KtQ’ is 
positive definite. Therefore there exists a unitary operator U E Y(F) such 
that Fx E, u E, and 
KJke)(n) = P& U”J E,, nEZJk,j,k=l,2. 
In particular, V, = Pg, UI E, ; hence V, = UI E, since V, is an isometry. 
Similarly, K!#( - 1) = V, = U* I Ez, so U is a coupling of V, and V, and 
P& E, = Z@)(O) = Q holds. Thus, we have established a bijection between c( 
and fi. 
Let us now consider the relation between c( and y. Given a contractive 
coupling T of V, and V,, set y(n) = i=(n), n < 0, and let K be the GTK in 
the definition of the set y. For any pair of functions h, : Z + X’, and 
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h,: Z + %z, with finite supports contained in Z, and Z,, respectively, the 
following equality holds: 
c <Kjkb - n) ym)? h,(n)),, 
j,k=l,2 (m,n)EZ,k 
= m  ;, (7w -n)Ch,(m) +hz(m)l, Chlb) + Mn)l )F. 
Now, the last is a non-negative real number because 11 TII d 1 (see [15]). 
Consequently K is positive definite and so the sequence {r(n): n 6 0} 
belongs to the set y. Thus we have an application from c1 to y; the injectivity 
stems as before from the definition of equivalence of couplings; the surjec- 
tivity follows from the application of Theorem (4) to the Generalized 
Toeplitz Kernel which appears in the definition of the set y. 
So Theorem A has been proved. 
The above proof shows that in each equivalence class of contractive 
couplings there is a minimal unitary one which is unique within unitary 
isomorphisms. 
III. REALIZATION OF LINEAR SYSTEMS 
By a linear system we shall understand a set Y formed by the following 
objects: (i) three Hilbert spaces, *1, X, z2; (ii) three bounded operators, 
A E Y(X), BE P’(;X;, X), CE 9(X, X2). The discrete interpretation of the 
system is that if at time n E Z, Y is in the state x(n) EX and receives a 
stimulus or input h,(n) E $, then it passes to the state x(n + 1)~ X and 
produces a response or output h,(n) E z2 according to the equations 
x(n + 1) = Ax(n) + B/z,(n), h,(n) = Cx(n). 
A is called the state propagator of the system, while its response function is 
T(z) %C(Z-zA)-lB= 1 z”+‘CA”B, 
?I>0 
which is analytic at the origin. The system Y is said to be a realization of 
the function T(. ). 
Assume that the state propagator A is a contraction and consider the 
Generalized Toeplitz Kernel K = { (Kjk), j, k = 1, 2; $, &2} given by 
K,,(n) = B*A(n) B, n E Z; K,,(n) = CA”B, n E Z, ; 
K,,(n) = B*A* -“C*, n E Z,; K,,(n) = CA(n) C*, n E Z,. 
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Since llA]l < 1 it can be seen as before that K is positive definite. Set 
si’)= K,,(n), s(*)= K,,(n) for any n E Z, and T,, = K,,(n) for n E Z,. Then 
the response function T(z) = CnaO zn+ IT, is such that 
d c {(sjnlYnh;), h”’ n >.x, + (s!Z,,h:‘, h:*‘).,,) (1) 
m,l720 
holds for any pair of finitely supported sequences h:) E q, n > 0, j = 1, 2. 
Conversely, let us start with a function T(Z) = C,, z o z” + IT,,, where 
T, E Y(g) X2), with the following property: there exist two fixed sequen- 
ces of operators, 
such that (1) holds. Let K be the GTK defined by $, X2 and 
K,,(n) ESI”, K,,(n) = Tn if n > 0, K,,(n) = si*,. 
Then inequality (1) says that K is p.d. We apply Theorem (4) to K, keeping 
the same notations. Let X be any closed subspace of F that contains 
[VF=~ U”(dl&)] and [VE= loo Un(d2z2)]. Consider the system Y given 
by the spaces 8, X, Xaand the operators 
A = PC Vi;, B= P;q5,, C = f#2*ic 
The response function of 9’ is CnaO z” + ‘CA”B = C,, ao z”+ ‘#:U”q4, = 
c n>OZ H+‘K,2(n)=~,20z”+’ T, = T(z), so that system is a realization with 
contractive propagator of T( ). 
The proof of Theorem B is done. 
We conclude this section by showing that the following realization 
theorem, due to Helton [ 121, is a special case of the preceding one. 
(2) COROLLARY. Let Xl, X2 be two Hilbert spaces, T,, E 9(X1, S2), 
n 2 0. Zf the function T(z) = C, a o z n + ’ T,, is bounded in the unit disc, then it 
can be realized as a response function of a system. 
Let c>O be such that IIT(z)ll <c holds in {]zI <l}. Set s$)=O for n#O 
and ~6’) = cIj, where Z, is the identity operator in 3, j= 1, 2. For h(j)= 
(h$ n > 0} E 3, a finitely supported sequence, set h(j)(e”) = C, 2o ei”‘hv). 
Then we have, with obvious notation, 
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= 21 (T&l), ~(2))L~~x2~~ 
G 2llTII m llh(‘)ll,~ llh(2)ll,~ 
6 c{ Ilh”‘I/; + llh’2’ll;} 
= c ,F, IW’II:, + c 
{, 
llhi2’ll& 
fl20 
= 1 { (s;‘nh;‘, hi”), + (sX’.nh$, h:“),}. 
m,ft>O 
IV. REMARK ON SCATTERING STRUCTURES 
Let T be a coupling of the isometries Vi, I’,, and U E Y(F) a minimal 
unitary coupling of the same isometries, such that sU = .sT. If U,, U, are the 
minimal unitary dilations of I’, , V, to spaces Bi, g2, respectively, we may 
assume that 9, and g2 are contained in F. Then we say that rT = def P&I 82 
is the coupling operator of I’, and V, associated to T. It can be proved 
that an operator r E 9’(92, gl) is a coupling operator for V, and V, iff 
llzll < 1 and z intertwines U, and U,. It can also be shown that rT and Ed 
generalize the notions of scattering operator and suboperator for Lax- 
Phillips conservative [ 133 and dissipative [ 11, 143 structures. Moreover, 
the classical wave operator may be defined for any unitary coupling of two 
isometries, and thus Adamjan and Arov’s results [ 1 ] are extended, and the 
realizations of a response function can be studied by means of the 
corresponding coupling function. So the subject of this note is related to 
the description of Foias [lo] of the relations between scattering theory, 
linear systems [12], the Commutant Lifting Theorem [lS], and the 
parametrization of Adamjan, Arov, and Krein [24]; in fact, the last can 
be extended-at least in the scalar case-to GTK [7,8]. The notion of 
Generalized Toeplitz Kernels leads also to a unified approach to scattering 
structures and imprimitivity systems in the sense of Mackey [6]. 
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